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The main objective of this work is the development of a computational procedure for
determining optimal operating strategies for an industrial electric arc furnace (EAF).
These goals are achieved by incorporating a detailed mechanistic model into a mathe-
matical optimization framework. The model used in this work includes mass and
energy balances, and contains sufficient detail to describe the melting process, chemi-
cal changes, and material and energy flows. Mathematical optimization is used to
determine the optimal input trajectories based on an economic criterion; process limi-
tations are accounted for by including them within the optimization problem as con-
straints. This optimization procedure considers trade-offs between all the process
inputs and processing time, so as to maximize the profit. Several case studies illustrat-
ing the use of mathematical optimization in the enhancement of process performance
are given. � 2007 American Institute of Chemical Engineers AIChE J, 53: 640–653, 2007
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Introduction

Electric arc furnaces (EAFs) are widely used in the steel
industry for recycling scrap steel by melting it down and
adjusting the chemistry to obtain the desired product grade.
Melting the steel is achieved using both chemical and electri-
cal energy sources. Electrical energy is added to the steel
charge by multiple electrodes; the high-voltage developed
between the electrodes and the scrap steel induces an electric
arc to develop from the tip of the electrode to the scrap steel.
The energy from the arc is transferred to the steel directly
through resistance heating and also radiative heating. The
chemical contribution is derived from combustion reactions
taking place in the furnace, fuelled predominantly by coke,
natural gas and oxygen additions. In the steel industry EAFs

are run in batches, termed heats. While processing conditions
vary greatly, a typical heat takes between one to three hours,
and consumes 400 kWh/ton of steel.1 Irons2 indicates that
modern furnaces are now consuming less than 300 kWh/ton
of electrical energy. The lower dependence on electrical
power is a result of operational improvements and also due
to a greater reliance on energy derived from chemical sour-
ces. The energy-intensive nature of EAFs make these opera-
tions attractive candidates for optimization.

The EAF process operation begins with charging scrap steel
into the furnace. Depending on the operation, a single charge
could be in the region of 100 tons. The scrap is preheated with
burners fuelled by a mixture of natural gas and oxygen. Once
it is deemed that no further benefits can be gained from the
burners alone, the electrodes are lowered and the power is
turned on. Initially, the transformer voltage tap is kept at a low
setting due to instability when arcing to solid scrap. As the
pool of liquid forming at the base of the arc grows, the voltage
setting, and, hence, power level, can be increased. Once suffi-
cient scrap has melted, a second or even a third scrap charge
may be added to the furnace. Subsequent charges are typically
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smaller than the initial charge. During the operation, lime is
added to the bath to improve foaming properties of the slag.
Oxygen and carbon are also injected into the bath to encourage
foaming and manipulate the bath chemistry. Foaming is desira-
ble since it protects the furnace walls from radiation, and
improves efficiency by increasing the percentage of energy
transferred into the bath while decreasing radiation losses from
the bath. Once the bath reaches the desired temperature and
composition, the furnace is tapped; meaning the molten steel is
drained from the furnace. It is common practice to leave some
of the molten steel in the furnace as a ‘‘hot heel’’ to aid in pre-
heating the subsequent batch.

With the exception of power regulation, EAFs typically
involve a relatively low-level of automation, and rely heavily
on operator intuition. As with most industrial processes, op-
erator experience is invaluable for the operation of the pro-
cess. However, this experience-based knowledge can be lim-
ited due to the complex multivariable interactions and subtle
relationships occuring during processing. The understanding
of these complexities is confounded by the small number of
useful process measurements, making it difficult to infer the
current state of the process. Therefore, in most situations,
process operating procedures are recipe-based, determined
from what has worked well in the past, and process improve-
ment is often achieved through adjustment of process inputs
for future batches based on past operation.

The manner in which reagents, scrap and electrical power
are added to the furnace may be carried out in multiple
ways. Detailed process knowledge, in the form of a model,
makes it possible to understand the more complex relation-
ships and evaluate different operating strategies. Furthermore,
the model enables process experimentation to be carried out
without the possibility of economic risk or the occurrence of
dangerous events. Several such simulation studies may be
carried out, testing possible input profiles over a wide range
of conditions and evaluating a performance criterion. While
this approach to process optimization is simple and intuitive,
the extent to which the search space is investigated is
severely limited, and even finding solutions where variables
remain feasible can be challenging. A more systematic
approach is to pose and solve the problem within a mathe-
matical optimization framework.

Woodside et al.3 use optimal control theory to determine
the optimal power trajectory during the carbon-injection
stage of the EAF steelmaking process. The objectives are to
minimize power and duration subject to endpoint constraints
on temperature and carbon content, as well as path con-
straints. The model used by the authors contains two physical
states: carbon reacted and temperature. The authors apply the
steepest descent method, as well as an approach that seeks to
directly satisfy the necessary conditions for optimality as
given by Pontryagin’s maximum principle.

Gosiewski and Wierzbicki4 consider the melting stage of
an EAF operation, and use a simple, single state model that
relates the power input to the bath temperature. The manipu-
lated variables are the transformer tap and the arc current;
the authors assume that the transformer tap would be kept at
its maximum and thus only consider the manipulation of the
current. An economic objective comprising of the cost of
power and the time of operation is maximized using Pontrya-
gin’s maximum principle.

Görtler and Jörgl5 develop a supervisory control system
for an industrial furnace that uses a fuzzy logic model to
relate the arc radiation to the water cooled panel tempera-
tures of the furnace walls and roof. The control objective is
to maximize meltdown power without overly stressing the
vessel walls by using the transformer tap and impedance set-
points as manipulated variables. Rigorous mathematical opti-
mization is not applied.

Oosthuizen et al.6 investigate the application of model pre-
dictive control (MPC) to EAF operation, where the controller
tuning parameters are based on economic considerations.
MPC involves optimization of manipulated input trajectories
at each sampling period; in this case with a linear dynamic
model and quadratic cost function. In their study, the eco-
nomic impacts of deviations from the setpoints are based
largely on heuristics, and the setpoints themselves are not
determined by optimization.

Boemer and Roedl7 investigate the influence of lancing
conditions and the electric arc on the fluid dynamics of an
electric arc furnace. Performance measures relative to the
current operation are evaluated through physical tests carried
out on an experimental rig and numerical simulation.

Pozzi et al.8 discuss a system that has been developed that
uses offgas chemistry data to update their model and control
combustion in the freeboard by manipulating the burner
flow; however, no details of the model or mechanisms to
determine inputs are provided. Other industrial studies9,10

analyze process data with the goal of predicting improved
operational policies; while optimization is referred to, the
rigor to which it is applied is unclear.

Much of the work carried out on EAF optimization tends
to be on either highly simplified models or on models that
consider only isolated aspects of the furnace. A drawback of
these studies is that by optimizing one of the subprocesses of
furnace operation, other subprocesses may be negatively
impacted. To ensure that the optimal operation of the furnace
is achieved, it is necessary to consider all the subprocesses in
the furnace simultaneously. An excellent example of this
approach available in the published literature is the work by
Matson and Ramirez.11 They develop a first-principles based
model, and use iterative dynamic programming to solve the
resulting dynamic optimization problem. The model approxi-
mates the furnace as two separate control volumes in which
chemical equilibrium is assumed. The input variables in-
cluded in the optimization problem are the carbon injection,
oxygen lancing, burner O2 and the batch duration. The
authors use a weighted objective function to minimize
the amount of CO in the offgas, the final amount of FeO and
the batch duration. A penalty function is also included in the
objective function to penalize the bath temperature if it falls
below 1,920K (coinciding with the end of the melt).

In this paper, a comprehensive model of electric arc furnace
operation developed by MacRosty and Swartz12 is used within
a rigorous dynamic optimization framework. An economic
objective function is optimized, subject to endpoint and path
constraints. The optimization problem formulation and imple-
mentation are described, and its performance illustrated through
several case studies. This paper is structured as follows. A
summary of key approaches for the optimization of differen-
tial-algebraic equation (DAE) systems is presented, followed
by an overview of the furnace model. The formulation of the
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optimization problem is then given, followed by a discussion
of implementation considerations, and a series of case studies
that illustrate the application of the optimization approach.
This article concludes with a summary and discussion.

Optimization of Differential-Algebraic
Equation Systems

To capture the dynamics of the EAF process, it has been
modelled as a differential-algebraic equation (DAE) system.
Differential variables, also known as differential states, are
time dependent, and may be a function of the external forc-
ing functions, other state variables, algebraic variables and
time. DAE systems are more challenging to solve than purely
algebraic systems due to the presence of the differential
states that must be integrated, and the infinite-dimensional
search space of the decision variables. We consider here the
following general formulation for dynamic optimization of
differential-algebraic equation systems, based on that given
in Cervantes and Biegler.13

min jðxðtf Þ; zðtf Þ; uðtf Þ; tf ; pÞ (1)

s.t.

dxðtÞ
dt

¼ fðxðtÞ; zðtÞ; uðtÞ; t; pÞ (2)

0 ¼ hðxðtÞ; zðtÞ; uðtÞ; t; pÞ (3)

0 � gðxðtÞ; zðtÞ; uðtÞ; t; pÞ (4)

0 � gsðxðtsÞ; zðtsÞ; uðtsÞ; ts; pÞ (5)

xð0Þ ¼ x0 (6)

where, x(t) is a vector of differential states; z(t) is a vector
of algebraic states; u(t) is a vector of control inputs; p is a
vector to time-independent parameters; f are differential
equation constraints; h are algebraic equation constraints; g
are path inequality constraints; gs are point constraints at spe-
cific times ts; tf is the final time.

The objective function, Eq. 1, is typically formulated to
represent a performance measure of the system, such as the
economic cost or the integral square error from a desired
value. The model equations are included as constraints; Eqs.
2 and 3 represent the differential and algebraic model equa-
tions, respectively. The general path constraints, Eq. 4, may
include simple bounds on time-dependent variables.

A variety of sophisticated techniques have been developed
for the optimization of problems involving DAEs. Variational
or indirect methods, which make use of the first-order neces-
sary conditions obtained from Pontryagin’s maximum princi-
ple14 to locate the optimum, have had limited success with
large-scale realistic problems. Methods which discretize the
continuous-time problem to obtain a finite-dimensional prob-
lem have been more successful; Biegler and Grossmann15

categorize these methods as partial or complete discretiza-
tion, based on the level of discretization implemented in the
formulation of the problem. In these direct methods, the con-
trol inputs are typically represented as piecewise polynomials
whose coefficients are included in the search space.

Complete discretization methods discretize the state pro-
files in addition to parametrization of the inputs, using a

technique, such as orthogonal collocation on finite elements16

to approximate them as piecewise polynomials. Typically,
Lagrange interpolation polynomials are used since the coeffi-
cients of these polynomials correspond to the value of the
states at the collocation points. This property allows mean-
ingful bounds to be implemented directly in the formulation.
The DAE system is converted to a purely algebraic system,
which may then be included as algebraic constraints in
a conventional nonlinear programming (NLP) problem in
which the integration and optimization are in effect carried
out simultaneously. A drawback of this method is that the
resulting NLP problem can be very large, and it may be nec-
essary to sacrifice accuracy through use of a coarse discreti-
zation of input and state profiles in order to obtain a compu-
tationally tractable problem. Initialization of the state vari-
able profiles is also required. Strategies for improving the
computational efficiency include reduced space sequential
quadratic programming (rSQP) techniques,17 and use of inte-
rior-point optimization18 as an alternative to active-set strat-
egies. Hong et al.19 propose a sequential solution approach in
which the algebraic equations representing the discretized
DAE system are solved as a subsystem at each optimization
iteration. The smaller dimension of the optimization problem
has to be weighed against the requirement for repeated solu-
tion of the model equations, but could be beneficial for cer-
tain types of problems.

Partial-discretization methods involve the discretization of
only the control variables. A sequential-solution strategy
involves successive execution of optimization and integration
steps.20 Gradient information, for the optimization step, is
obtained through finite-difference perturbations, integration
of the adjoint equations or the integration of the sensitivity
equations, and is then passed to a nonlinear programming
(NLP) solver, which determines how to manipulate the con-
trol input parameters as it iterates to find the optimum. This
is considered a feasible-path method since the integration is
carried out at each iteration, as opposed to the simultaneous
approach, where the integration is effectively carried out
only at the final solution. Disadvantages of the sequential
method are that the integration at each iteration is expensive,
which accounts for a substantial part of the computational
time, and this method is not suited for use with problems
with unstable modes due to the method’s reliance on obtain-
ing the solution of an initial value problem at each iteration.

Multiple shooting21–23 is another method in which the
optimization and integration are decoupled. The time horizon
is partitioned, and the DAE system integrated over each time
interval. The initial values corresponding to each interval are
included as optimization variables, and continuity of the
states included as equality constraints at the optimization
level. This method is consequently both sequential and si-
multaneous in character.

Dynamic programming is based on Bellman’s principle of
optimality,24,25 and does not involve solution of an NLP
directly. However, its application to large-scale problems has
had limited success due to the computational expense associ-
ated with the solution of these problems.

Both complete and partial discretization methods have
been successfully employed on a large range of different
problems. The sequential approach was used in this work, as
implemented in gPROMS/gOPT.26 However, recent develop-
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ments by Biegler and coworkers17,18 suggest that either
method could be viable for this process.

Model Overview

The model used in this work is a comprehensive nonlinear-
dynamic model developed from fundamental mass and energy-
balance relationships. A degree of empiricism was introduced
to model aspects of the process where the mechanisms are not
well understood. An overview of the model is presented here;
the detailed mathematical model is presented elsewhere.12

The EAF model is divided into four zones: the gas zone, the
slag-metal interaction zone, the molten-steel zone and the solid-
scrap zone. The gas zone is assumed to be in a state of chemi-
cal equilibrium that includes all gas in the freeboard volume,
that is the free space in the furnace above the scrap material.
The slag-metal interaction zone includes all the slag material
and the portion of iron interacting with the slag, and is also in
a state of chemical equilibrium. The chemical equilibrium
assumption in the slag-metal interaction and the gas zones is
reasonable if one considers the high-temperatures within the
system.1,27 The molten-steel zone consists of all metallic ele-
ments in their liquid state excluding that portion included in the
slag-metal zone. The solid-scrap zone includes the charged
scrap that is still in solid form. All reactions are assumed to
occur in the gas and slag, and, thus, no reactions are considered
in the molten steel or solid-scrap zones. The reaction of mate-
rial is limited by mass transfer between the zones, where the
mass-transfer coefficients are treated as parameters and are esti-
mated from industrial process data. Figure 1 is a diagram of the
model, depicting the mass flows between the above described
zones. The chemical species included in each zone and the ma-
terial additions are also illustrated. The energy model considers
the radiation and convective heat transfer taking place between
different zones, the furnace elements and the arc. The model
has sufficient detail to account for the effects of the foaming
slag on power transfer from the arc to the steel.

The material flows in each zone are tracked with an atom
balance

d

dt
ðbk;zÞ ¼ Fin

k;z � Fout
k;z (7)

where bk is the molar abundance of element k and Fk
in and

Fk
out are the inward and outward flows of element k respec-

tively. The chemical equilibrium for this multireaction sys-

tem can be computed by minimizing the Gibbs-free energy.
The method used in the model does not require reaction stoi-
chiometry to compute equilibrium. Instead, it includes the
system of equations obtained from the first order necessary
conditions for constrained minimization of the Gibbs free
energy

X
i

n�i aik ¼ bk (8)

DGo
f ;i þ RT ln âi þ

X
k

lkaik ¼ 0 (9)

where n�i is the moles of species i at equilibrium in the speci-
fied zone; aik is the number of atoms of k in species i: bk is
the number of moles of element k; DGf,i

o is the Gibbs free-
energy of formation; âi is the activity of species i and is a
function of the system composition, temperature and pres-
sure; and lk are Lagrange multipliers. A useful property is
that the chemical equilibrium problem is convex when not
combined with phase equilibrium problem.28

The following energy balance was implemented for each
zone

d

dt
ðEzÞ ¼ Qz þ

Xn
i¼1

Fi;zHi;z

�����
in

�
Xn
i¼1

Fi;zHi;z

�����
out

(10)

where Qz is the heat flow added to zone z; Fi,z is the molar
flow of component i to/from zone z and Hi,z is the corre-
sponding enthalpy. The flows are given in terms of the com-
pounds and relate to elemental flows described in Eq. 7 by:
Fk,z ¼ SiaikFi,z, where k refers to the element and i to the
compound. The energy holdup at any time is computed as

Ez ¼
Xn
i¼1

n�i;zHi;z (11)

A more complete description of each of the four zones fol-
lows:

Gas Zone: The gas zone includes all material in the
freeboard volume. The species considered in this zone are:
CO, O2, CO2, CH4, H2, H2O, N2 and C9H20. C9H20 is taken
to be an average composition of all the volatile components
that may be present in the scrap, and is assumed to vapor-
ize from the slag in the initial minutes of charging. CH4

and O2 are added to this zone via the burners. O2, N2 and
H2O are introduced from air ingress and water-cooling at
the electrodes, while CO enters from the partial combustion
of carbon in the slag-metal interaction zone. The compo-
nents within this phase are assumed to exist in a state of
chemical equilibrium.

Slag-Metal Interaction Zone: This zone consists of the
slag material and a portion of the molten-metal phase with
which it is in contact, including metal droplets in the slag.
The species considered in this zone are: Fe, Mn, Mg, Al, Si,
FeO, Fe2O3, MnO, MgO, Al2O3, SiO2, CaO, C, CO, O2, N2.
This zone is in direct contact with the gas zone and the mol-
ten metal zone. O2 enters this zone via lancing and diffusion
from the gas phase (according to its partial pressure). The
presence of iron oxides in the zone also increases the avail-
ability of oxygen for components with a sufficient reducing
potential. Metallic elements (Fe, Mn, and Al) and nonmetal-

Figure 1. EAF model.
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lic elements (C and Si) enter this phase from the molten-
metal phase. Carbon is also added from injection and roof
additions. Lime and dolime (CaO.MgO) added to the furnace
are also included in this zone. All oxides accumulate in this
zone, except for CO which leaves this zone and enters the
gas phase as it is produced.

Molten-Metal Zone: Material enters this zone from the
solid-scrap zone as it melts and leaves to enter the slag-metal
zone according to the transport rate to the slag-metal interface.

It is assumed that no reactions occur in this zone because
of the absence of O2. Energy from the arc is added to the
molten-metal and solid-scrap; energy is also transferred
between the zones, driven by the prevailing temperature gra-
dients. The presence of the following components are mod-
elled in this zone: Fe, Mn, Al, Si, C. Mass transfer of mate-
rial to the slag-metal zone is driven by natural diffusion, and
also forced diffusion as a result of lancing.

Solid-Scrap Zone: The solid-scrap zone is modelled as a
mass of steel that melts according to the quantity of energy
transferred to it and the proximity of the steel temperature to
its melting point. As steel liquefies it is removed from the
solid steel zone and added to the molten steel zone. The
model predicts a homogenous temperature in the solid-scrap
zone, which corresponds to the average temperature of the
scrap. However, in reality the temperature is not homogenous
and scrap material melts continuously throughout the batch.
This behavior is accounted for by dividing the available
energy between sensible heating and melting according to
the ratio of the steel temperature to its melting point.

The composite model comprises 85 differential, and 1,050
algebraic variables. A sensitivity analysis was carried out to
identify a set of significant parameters whose values were,
subsequently, estimated using eight batches of plant data.
Details of the procedure followed are provided in MacRosty
and Swartz.12

Formulation and Implementation of the EAF
Optimization Problem

The profit per batch, in dollars, is

ZP ¼ c0Msteelðtf Þ � c1

Z tf

0

Pdtþ c2

Z tf

0

ðFO2;brnr þ FO2;lncÞ dt
�

þ c3

Z tf

0

FCH4;brnr dtþ c4

Z tf

0

FC;inj dtþ c5

Z tf

0

FC;chg dt

þ c6

Z tf

0

Fflux dtþ c7

Z tf

0

ðFscrap;1 þ Fscrap;2Þ dt
�

ð12Þ

where P is the electrical power; FO2,brnr
and FO2,lnc

are the
flows of oxygen to the burner and from the lance respec-
tively; FCH4,brnr

is the flow of natural gas to the burner; FC,inj

and FC,chg are the carbon additions from injection and charg-
ing respectively; Fflux is the addition of lime and dolime;
Fscrap,1 and Fscrap,2 are the rates of addition of the first and
second scrap charges respectively; Msteel(tf) is the mass of
liquid steel at the end of the heat (batch), and ci is the asso-
ciated unit cost of each component.

The optimization problem may be formulated according to
different objective criteria, depending on the operational pri-

orities of the plant personnel. Two such criteria involve opti-
mization of the process according to the profit per time

max
uðtÞ;tf

ZP=tf ¼ ZP
1

tf

� �
(13)

and the profit per ton of liquid steel

max
uðtÞ;tf

ZP=ton ¼ ZP
1

Msteelðtf Þ
� �

(14)

Using these different criteria to optimize operation may
result in different operating policies, thus they should be
applied in accordance with the plant operating mode and
objectives. If the EAF is a bottleneck in the overall process
operation, objective Eq. 13 would be appropriate, whereas
objective Eq. 14 would be more suited to slow market condi-
tions or if production is being delayed by a downstream unit.
The control variables, u(t), in the optimization problem are
P, FO2,brnr, FCH4,brn, FO2,lnc, FC,inj and Fscrap,2.

The dynamic optimization problem takes the form of Eqs.
1–6. The differential equations, Eq. 2, arise from the mass
and energy balances, while the algebraic model equations,
Eq. 3, are introduced from constitutive mass- and heat-trans-
fer relationships, and the equilibrium conditions.

The commercial software gOPT/gPROMS26 was used to
solve the above problem. The software implements the se-
quential optimization approach, similar to the strategy out-
lined in Vassiliadis et al.20 for the solution of DAE optimiza-
tion problems. A discussion of the sequential approach was
presented earlier. The DAE solver used for integrating the
model and sensitivity equations implements a variable time
step, backward differentiation technique; this implicit method
is suitable for stiff systems. The optimization solver is an
implementation of the sequential quadratic programming
(SQP) algorithm, which is an effective strategy for the solu-
tion of nonlinearly constrained problems. SQP algorithms
obtain the search direction based on the Hessian of the
Lagrange function, or an approximation thereof, and a linear
approximation of the constraints around the best current
point.

An important consideration in solving these problems is
that the nonlinear problem is nonconvex, and as a result, the
search space may have multiple local optima. This can result
in the optimization terminating at solutions that are not glob-
ally optimal. While there have been significant advances in
the development of rigorous global optimization techniques,
they are still limited to problems of relatively small dimen-
sion. A heuristic strategy employed to avoid obtaining a poor
local solution is to restart the optimization from a range of
different initial solutions to test if a better objective function
value can be obtained.

Numerical robustness

A number of measures were employed to improve the nu-
merical conditioning and to speed up the solution time of the
optimization problem:

� Variable and equation scaling: Ensuring that all varia-
bles are of a similar order of magnitude and that the con-
straint equations are balanced relative to each other are well-
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known strategies for improving the numerical conditioning of
an optimization problem.

� Logarithmic transformations: The concentrations of cer-
tain components present in very small quantities may be
driven to negative values during the course of the optimiza-
tion. To address this, a logarithmic transformation was ap-
plied to the molar quantity at equilibrium, ni by introducing
a new variable ni

L defined as

nLi ¼ lnðniÞ (15)

The term, en
L
i now replaces ni in the formulation. The trans-

formation avoids negative concentrations, and was found to
improve the scaling of the problem, particularly when the
equilibrium predicts very small concentrations of species.

� Discontinuous approximations: Model discontinuities
were removed by approximating them with continuous func-
tions, thereby allowing the gradient information to be suc-
cessfully computed during optimization. More detail of the
discontinuous approximation methods is given later.

� Solver integration tolerance: Lowering the integration
tolerance greatly reduces the computational time for integrat-
ing the model equations. However, as the integration toler-
ance is decreased, the number of optimization iterations re-
quired to reach the optimum increases, because the accuracy
of the sensitivity information is affected by the tolerance.
Thus, there is a limit to the degree by which the integration
tolerance can be lowered. Furthermore, if the integration tol-
erance is lowered beyond a certain point, the quality of the
solution may become unacceptable.

Model discontinuities

The model includes a discontinuous element to deal with
the fact that air may be sucked in or forced out of the fur-
nace depending on the operation of the air handling system,
the burner operation and the amount of gas being produced
from the bath. Air being sucked in will have the composition
of the ambient air, while air being expelled has the composi-
tion of the furnace freeboard. This behavior is readily cap-
tured during simulation by expressing the logical conditions
through functions such as the max and min operators. How-
ever, the derivative discontinuity introduced by this type of
expression poses a problem for gradient-based optimization
algorithms. We observed in our application that as the opti-
mal solution was approached, the condition number of the
Hessian, used for optimization, deteriorated and as a result
the optimization problem failed to converge. The poor condi-
tioning could likely be attributed to a lack of derivative in-
formation of the discontinuous functions when constructing
sensitivity information for the optimizer.

To handle this problem, the discontinuous function g(x) ¼
max(0, f(x)) is approximated by a continuously differentiable
function29

gðxÞ ¼ 1

2
f ðxÞ þ 1

2
ðf ðxÞ2 þ e2Þ12 (16)

where a value of e ¼ 1 � 10�3 was found to be a good
tradeoff between the sharpness of the approximation and
degree of accuracy, and performed well. The inaccuracies
that result from using this continuous approximation of the

discontinuous function are negligible, particularly if one con-
siders the amount of uncertainty associated with the predic-
tion of the offgas flows and the air ingress into the furnace.
Minimum functions are also easily handled since

minðf ðxÞ; 0Þ ¼ �maxð0;�f ðxÞÞ (17)

Path constraints

In the control vector parametrization approach used, path
constraints can be imposed on the states by adding point con-
straints at the control interval boundaries. This method
ensures that constraints are satisfied at interval boundaries,
but cannot guarantee that they are satisfied between the inter-
vals; thus, small violations are possible. However, strict obe-
dience of the constraints, g(x) ¶ 0, can be ensured through
the introduction of an endpoint constraint where the magni-
tude of the violation is integrated over the duration of the
process and forced to be equal to zero. The integrated con-
straint violation is determined using the max operator

C1 ¼
Z tf

0

½maxðgðxÞ; 0Þ�gdt ¼ 0 (18)

The max operator can cause excessive oscillation between
feasible and infeasible moves of the optimizer because when
the constraint is inactive the violation measure and its gradi-
ent with respect to the control variables are zero. Vassiliadis
et al.30 advocate the use of both methods together as a hybrid
approach to combine the exactness of the integral approach
with the increased information regarding constraint location
provided to the optimizer from the point constraints. They
recommend using a value of g ¼ 2 since the function then
has first-order continuity. However, in implementing these
constraints it was found that using a value of g ¼ 2 as a gen-
eral rule could result in failure of the optimization routine in
cases where the initial solution had a large path constraint vio-
lation. The reason for the failure is attributed to the squared
term which significantly increases the value of the constraint
violation making it difficult for the optimizer to find a feasible
solution. In this work, it was found that there was very little
computational benefit gained by using values of g > 1.

More recently, Chen and Vassiliadis31 present an iterative
method in which a sequence of optimal control problems is
solved with an increasing number of inequality point con-
straints. The point constraints are added only in places along
the horizon where violations are determined. The method is
shown to converge within a finite number of iterations to a
solution that satisfies the path constraints to any finite toler-
ance. Adding point constraints forces the integration algo-
rithm to take small steps, and, therefore, this method avoids
the problems associated with adding point constraints where
they are not required.

Process Optimization Case Studies

A series of case studies is presented here; the purpose of
these studies is to demonstrate how the fundamental model
can be used within an optimization framework to improve
profitability of the EAF process. An actual heat from the
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industrial process on which the model parameters are based
serves as the base case scenario for this study to illustrate
typical furnace operation. The case studies are then presented
to illustrate how optimization determines the economically
optimal operating strategy of the furnace. The optimization
problem is formulated such that the control variables may
move between their upper and lower bounds in order to max-
imize the profitability of the heat (batch). The manipulated
variables include the arc power, oxygen and natural gas flows
to the burner, carbon injection, oxygen lancing, and the mass
of the second scrap charge. The factors that are investigated
include the cost of electricity, increasing the upper bound on
the arc energy and consideration of the effect of batch dura-
tion on the profitability of operation.

The control vector u, was parameterized at 3-min inter-
vals, except for those adjacent to the timing of the second
scrap charge, so that this would coincide with an interval
boundary. In Case Studies 1, 2 and 5, the control intervals
were not allowed to vary. In Case 3, the final time is
included as an optimization variable, and the last 5 control
intervals were allowed to vary between 0–5 min. In Case 4,
the first 5 intervals were fixed at 5 min, and the last 5 inter-
vals were allowed to vary between 0–5 min; the final time
was not a variable in this case.

Case 1: Optimal Solution

This case study investigates how the operation of the fur-
nace may be improved by allowing the optimizer to determine
the optimal manner of operation based on the economic objec-
tive function where the profit is maximized. The formulation
of Eqs. 1–6 is used, where the elements of the control vector u
are P, FO2,brnr

, FCH4,brn
, FO2,lnc

, FC,inj, Fscrap,2. The final time, tf
is assumed fixed in this case study, but is included in the opti-
mization formulation in Case 3. The specific constraints
imposed, in addition to the model equations, are

Input constraints:

PminðtÞ � P � PmaxðtÞ
Fmin
i ðtÞ � Fi � Fmax

i ðtÞ

Endpoint constraints:

msolidðtf Þ � e

ycarbonðtf Þ � Ymax
c

Path constraints:

Twall � Tmax

Vsteel � Vfurnace

The input constraints ensure that the flows and power
addition are maintained within realistic bounds. The burner
input flows are allowed to move between their upper and
lower bounds except when the furnace is charged, at which
time the maximum flow of the O2 is decreased due to the
roof being opened during this period; the flow of natural gas
will be adjusted accordingly in the case of an economic
objective and the upper bound is, thus, left unchanged. The
initiation of carbon injection and the oxygen lancing is con-

strained by the fact that there needs to be a base of liquid
steel before injection begins. The time of initiation of these
flows, used in this case study, are the same as that used for
the base case; however, the flows were allowed to fluctuate
between maximum and minimum bounds. Providing an upper
bound for the voltage tap as a function of the heat’s progres-
sion is very complex since it can be affected by a number of
factors that are not accounted for in the model. Examples of
such factors include arc stability, collapsing of the scrap pile,
and the electrodes arcing to the wall. Therefore, it was
assumed that the power trajectory in the base case provides
an upper bound on the power usage for the optimized case,
with a lower bound of zero. The endpoint constraints ensure
that all steel is melted, and that the carbon concentration is
at the desired level. The path constraints maintain the wall
temperature below its maximum bound and ensure that the
maximum capacity of the furnace is respected when scrap is
added.

Two scrap charges are considered, consistent with the indus-
trial operation on which the studies are based. In all cases,
the objective function given by Eq. 13 was used. In Case 1,
the timing of the scrap charges was limited to the same as the
base case, with the first charge added at time t ¼ 0, and the
second added at t ¼ 28 min. The second charge is imple-
mented by applying a rate of scrap input over a specific time
interval. As was discussed previously, the rate of addition, and,
hence, mass of the second charge, is a variable.

The optimal solution was determined, and improved profit-
ability of the heat by 21% on a $/time basis compared to the
base case. The major improvement is realized through the opti-
mizer determining the most efficient quantity and timing that
material and energy are to be added during the heat. However,
it should be noted that some of the improvement in this sce-
nario will be due to fact that the optimizer can predict the
exact conditions given by the model, whereas in reality, opera-
tors need to slightly overcompensate due to a lack of process
data to ensure that endpoint conditions are met.

Figure 2 presents the offgas composition profiles for the
base case and the optimal scenario, where the circles (o) and
the crosses (�) represent the base case and optimal scenarios

Figure 2. Case 1: Offgas data.
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respectively. The data shown in this and the remaining case
studies in this section have been scaled for proprietary rea-
sons. In Figure 2, the mole fractions have been scaled rela-
tive to the maximum value of each component over the dura-
tion of the heat. From this figure it is apparent that much
less CO is produced in the optimal scenario. The optimizer
recognizes the energy potential of the CO, and, therefore,
conserves CH4 and combusts the CO instead. The net result
is an economic saving due to the lower usage of CH4, and
also a cleaner and smaller volume of offgas. The model
makes some assumptions with regard to the freeboard being
a perfectly mixed reactor, therefore, this combustion could
be more difficult to achieve in reality.

Figure 3 compares the scaled input profiles for the base
case and the optimized case. The optimal solution indicates
that slightly less power is used in the second charge; this
energy is instead obtained from chemical sources. The FO2

(burner oxygen) profile indicates a higher initial usage than
the base case, and then steps down to a lower level as the
batch progresses. This behavior is consistent with what is
expected since the effect of the burners is related to the vol-
ume of solid scrap in the furnace. As melting occurs the
effectiveness of the burners decreases, and, therefore, so
should their usage. The sudden increase in the burner usage
at approximately, t ¼ 22 mins is due to a discrete carbon
charge (in the form of coke) at approximately t ¼ 20 mins.
The purpose of the carbon addition is to create CO, which
causes the slag to foam and also to provide a reducing agent
to limit loss of iron to FeO. The complete combustion of CO
to CO2, known as post-combustion, is a valuable source of
energy, and, thus, the optimizer puts the O2 flow at its upper
bound to maximize the use of this energy source. Studying
the input profile for FO2

from time t ¼ 45–60 mins, it is evi-
dent that a higher amount of O2 is needed in the furnace
than was used in the base case scenario. The optimizer takes
advantage of the fact that CO is again being produced from
the bath due to lancing and harnesses this energy by increas-
ing FO2

. However, during the last stages of lancing (t > 70
min) the optimizer keeps the burner at its minimum level,

even though there is a high presence of CO (see Figure 2)
since there is no benefit gained from combusting this CO as
all the steel is already at the required temperature. While it
may be argued that it would be better to lance earlier, and,
thus, harness this energy, this would result in production of
more FeO thus impacting the yield. One could alternatively
argue that more injection carbon could be added; however,
this would be at an additional cost. This is a major benefit of
using optimization with a fundamental model, since it is able
to make these economic tradeoffs in determining the most
profitable mode of operation.

Case 2: Cost of Power

In Ontario, Canada, the cost of power typically fluctuates
between $0.03–0.15/kWh throughout the day according to
the grid demand, and has been known to reach $0.50/kWh in
extreme cases. The cost of other utilities, such as natural gas,
oxygen and carbon are more stable, and fluctuate over much
longer time horizons. Figure 4 is reproduced from data col-
lected from the Independent Electricity System Operator
(IESO),32 and indicates the typical daily price fluctuations to-
gether with the demand in Ontario, Canada. As expected, the
price is correlated with demand, and can, therefore, be pre-
dicted with some degree of certainty based on recent market
trends and the time of day.

This case study investigates the impact that the cost of
power has on the operation of the furnace. The time based
objective function, given in Eq. 13, was again used, and the
duration of the heat was fixed in these scenarios. Scenario A
corresponds to optimal operation for an electricity cost of
$0.03/kWh. A second scenario (Scenario B) considers the
case when the power cost is $0.15/kWh. Figure 5 compares
the input profiles of Scenarios A and B, which illustrates
how the optimizer manipulates the operating strategy to com-
pensate for the increased power cost. As expected, the opti-
mizer attempts to reduce the amount of electrical energy
used when the cost of power is higher; this is evident toward
the end of the heat, after approximately 63 min. The opti-

Figure 3. Case 1: Input profiles.

Figure 4. Hourly energy cost and demand for Ontario,
Canada: March 10, 2005.
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mizer compensates for the more expensive electrical power
cost by substituting electrical power with chemical power,
using a higher-burner flow in the initial 18 min, and again
between t ¼ 39–57 min.

A third scenario (Scenario C) considers a somewhat
extreme situation, where the electricity cost is $0.35/kWh.
The value of the objective functions for each case is reported
in Table 1. The values are reported relative to the base case
for proprietary reasons; they have been normalized by divid-
ing by the profit for the base case study and multiplying by
100. Thus, numbers larger than 100 indicate batches which
are more profitable than the base case and numbers less than
100 are less profitable; note the power cost in the base case
was $0.05/kWh. Negative values indicate batches that would
operate at a loss. The optimal solution was determined at
each of the given power prices; these numbers are reported
in bold in the table. The objective function was then eval-
uated for each of the other power costs using the same input
trajectories, which corresponds to the other values reported
in the same row in the table. The number in bold has the
highest value in the column, which is expected since the
input profiles have been optimized at that particular value of
the cost of power. We also observe that the input trajectories
that are optimal for electricity costs of $0.05/kWh and $0.03/
kWh result in a loss if the electricity cost increases to $0.35/
kWh. However, profitable operation at this high electricity
cost is achievable using trajectories that are optimal for
higher electricity prices of $0.15/kWh and $0.35/kWh.

Studying the data in the table it appears that while there
are benefits to be gained from optimizing the operating prac-

tice when the power cost is low, greater benefits in changing
the operating practice would be realized as the power cost
increases to $0.15/kWh and above. This case study motivates
modifying the operating practice based on the current power
costs. The results from these studies indicate that shifting the
current practice to favor increased burner usage during peak
demand times and scaling back again as the power cost drops
would result in increased profitability.

The majority of EAF operations are mostly controlled by
the operators who aim to achieve consistency from batch to
batch through repeating the same operating practice. Taking
this into consideration, it may be desirable to encourage the
night-shift operators to follow an operating practice deter-
mined from optimizing at a low power cost, and to give the
day-shift operators an operating practice determined at a
moderate power cost. This averaging strategy would theoreti-
cally be less effective than considering the current power lev-
els and changing the practice every heat, but considering that
EAFs involve minimal automation, and are still predomi-
nantly run by operators, it would likely yield improved over-
all performance over current practice.

Case 3: Increased Upper Bound on Power Input

The purpose of this case study is to increase the bound on
the maximum power by 20% after the second charge, and
include the end time as a variable in the optimization prob-
lem. This study illustrates the potential benefits that may be
gained from using a higher tap setting on the transformer, or
equivalently, the potential benefits that may be obtained from
purchasing a transformer with a higher rating if current prac-
tice is limited by the maximum tap setting available. It is
possible that this mode of operation may not be realizable in
practice as other factors not accounted for in the model
might place more stringent constraints on the power input.

The optimization was carried out using the form of the
objective function given in Eq. 13, and in this case study the
duration of the heat was included as an optimization variable.
The input trajectories for this case study are shown in Fig-
ure 6. The most interesting variable is the arc power, which
appears to favor operating at its upper bound until about

Figure 5. Case 2: Input profiles for comparing Scenar-
ios A and B.

Table 1. Comparison of Profit Based on Power Cost Relative
to Base Case

Case
Study

$0.05/kWh
($/min)

$0.03/kWh
($/min)

$0.15/kWh
($/min)

$0.35/kWh
($/min)

1 122.5 129.8 81.9 �17.9
2A 122.1 130.2 80.6 �5.1
2B 122.0 129.3 83.0 2.3
2C 120.4 128.0 82.4 6.5 Figure 6. Case 3: Input profiles.
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62 min into the heat when it retreats for the last several
minutes of the heat. The temperature profile for the wall is
shown in Figure 7. The furnace wall temperature imposes a
constraint on the operation of the furnace. Good foaming
between 45 and 55 min prevents the wall temperature from
escalating even though the power input remains at the upper
bound. However, after 55 min as the oxygen lancing
increases and the carbon in the bath is exhausted the foaming
decreases and the wall temperature begins to increase. This,
consequently, requires the power to be reduced to prevent
the wall temperature from violating the constraint at the end
point. If this temperature bound were not present, the solu-
tion would require much less foaming to protect the walls,
and the heat would be marginally shorter since it would not
have to reduce the power level during the final stages. The
amount of power and burner fuel used in this case study was
more than was required in Case 1. However, the profit
obtained for this study was much greater than Case 1, due
chiefly to the reduction in the duration of the heat by several
minutes. The normalized profit was $138.2/min in this case
compared to $122.5/min in Case 1.

This case indicates that there may be significant benefit to
increasing the upper bound on the power input when the end
time is a variable, particularly if a higher production rate is
desirable. During times when the steel market is good and
high-throughput rates are desirable, this approach does pro-
vide some promising opportunities. However, during market
slumps when the steel price is low and inventories are near
capacity, throughput rates are not a concern. During such
periods it would not be desirable to follow the strategies
advocated in this particular case study since the cost per ton
of liquid steel is greater, due to the larger quantities of power
and burner fuel utilized in reducing the heat time. Evidence
of the higher cost is provided in Table 2, which compares
the normalized profits from case studies 1 and 3 on a per
time, and a per ton of liquid steel basis.

Case 4: Fixed Preheat Duration

The furnace preheat is the time before the power is
switched on, when the only external source of heating is
from the burners. In this case study, a fixed amount of time
is made available for the preheat; however, the furnace is not

required to use the burners during this period. The case study
simulates the situation of a twin shell operation that shares a
single transformer and set of electrodes. This is a fairly com-
mon industrial installation, consisting of two furnaces which
operate sequentially; while the electrodes are being used on
one furnace, the second furnace will be charged and then
preheated. In this case study, the time based objective func-
tion given in Eq. 13 was again used and the batch duration
was fixed.

In the base case scenario, the preheat time was approxi-
mately 15 min; in this case the time available for preheating
is extended to 25 min. At time zero the furnace will have a
20 ton hot heel, and 122 tons of cold scrap. Figure 8 shows
the optimal power and burner input profiles as determined
for this case.

As expected, the solution does not keep the burners on for
the full time period available for the preheat. The reasons for
this are twofold: first, the burners will be most efficient when
the scrap is cold, and second, overuse of the burners
decreases the overall yield due to the oxidation of the steel.

A surprising result is that the burner operation is initiated
from t ¼ 0 and heats up the scrap for a period of 5 min,
then allows it to cool for approximately 15 min before being
turned on 5 min prior to the power being started. This coun-
terintuitive result is explained by the fact that the hot heel is
also present from the initial point and loses heat to the cold
scrap and furnace over the duration of the 25-min period.
The heel, however, transfers heat much more effectively to
the scrap than the burner, since the transfer takes place via
radiation and conduction as opposed to convective transfer in
the case of the burner. Furthermore, the energy in the heel is
a more valuable energy source than the burners since it can
overcome the latent heat of fusion to melt the solid scrap. At
time t ¼ 0, there exists a large difference between the tem-
perature of the heel, and the temperature of the scrap and
furnace walls resulting in large amounts of energy being
transferred from the heel to the solid scrap. As energy leaves
the heel it cools and, subsequently, its ability to melt the
scrap diminishes. Starting the burner early takes advantage of
the fact that heat transfer from the burners is most efficient

Figure 7. Case 3: Wall temperature.

Table 2. Comparison of Profit for Cases 1 and 3 Relative
to Base Case

Case Study $/min $/ton

1 122.5 107.8
3 138.2 105.1

Figure 8. Case 4: Comparison of inputs.
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when the scrap temperature is low, and also preserves more
of the valuable energy in the heel by reducing the tempera-
ture difference between the scrap and the heel; more energy
is, thus, available in the heel for sensible heating above the
range of the burners, and also for overcoming the latent heat
of fusion. Thus, the net effect of starting the burner at time
t ¼ 0 more than compensates for the cooling that occurs
while the burner is switched off.

To verify this result the optimal solution was simulated
again except the burner action specified for the first interval
was shifted later to time t ¼ 15 min, as shown in Figure 9.
The results from the simulation revealed that the heat was
not able to meet the endpoint conditions in this case and
melt all the scrap material by the final time. This is a signifi-
cant result because it shows that the timing of the burner
operation, and not just the duration are important when long
periods are available for preheating.

Case 5: Event-activated Constraint Formulation

In the previous case studies, the manner in which the oxy-
gen lancing and carbon injection bounds were formulated in
the optimization problem was determined from the base case
operation. Approximately 44 min after the initiation of the
heat, the upper bound was relaxed and the lance/injection
rate was allowed to increase to the actuator limit. However,
in industry, the plant operators typically begin active lancing,
that is, increasing the flow from its lower bound, once the
cumulative power input has exceeded a predetermined
threshold, which for the industrial operation under considera-
tion is 50MWh. The cumulative power input into the furnace
is used as an indicator variable to determine when lancing
may begin. This case investigates a better method of con-
structing the upper bound for oxygen lancing, and carbon
injection by relating it to the cumulative power input instead
of time. The time based objective function, given in Eq. 13
was used for the scenarios in this case study and the batch
duration was fixed.

Two methods for formulating this constraint are presented
here, the first of which is a more direct representation, and
can be used with any type of objective function. The second
formulation yields a more efficient solution, and is valid
when an economic criterion is used as the objective function.
The formulation development is shown only for oxygen lanc-
ing since the carbon injection formulation is analogous.

A strategy to allow constraints to move along the horizon
independently of the intervals was implemented, that uses a
hyperbolic tangent switching function to limit the flow rate
to the minimum flow until the cumulative total power, $0

t

PTdt
0, exceeds 50MWh, after which the upper bound is

increased to the maximum actuator value. This was formu-
lated as

W ¼ 1

2
tanh g

Z t

0

PTdt
0 � 50

� �� �
þ 1

2
(19)

Fmax
lance;O2

¼ ðFmax
A � Fmin

A ÞW þ Fmin
A (20)

where W is the switching variable between 0 and 1, and g is
a factor that controls the rate of switching. The term, ($0

t

PTdt
0 � 50), forces W to switch when the cumulative total

power reaches 50 MWh. Flance,O2

max is the upper bound for the
lance oxygen, and FA

max and FA
min are the maximum and

minimum actuator values, respectively. It is important to for-
mulate the problem so that the upper bound reduces to a
minimum bound and not zero, since during the heat a mini-
mum flow level must be maintained to prevent blockages
from slag or molten metal solidifying in the nozzle.

In addition to the actuator constraints, the flow must be
less than or equal to the upper bound

Flance;O2
� Fmax

lance;O2
: (21)

Figure 10 illustrates the application of the switching func-
tion described by Eq. 19 for g ¼ 50, which forces the switch
to be very sharp. Shown in this figure is the upper bound as
determined in Eq. 20, together with the actuator bounds. The
inclusion of Eq. 21 forces the minimum actuator bound to be
followed while the cumulative power is less than 50MWh.
Once the energy level has been exceeded the lance flow is
free to move between the original limits.

The input constraint is converted to an endpoint constraint
in the formulation to allow it to be enforced over the time
horizon. This is accomplished through the introduction of the
following equations;

d

dt
ðFM

lance;O2
Þ ¼ maxð0;Flance;O2

� Fmax
lance;O2Þ (22)

FM
lance;O2

ðtf Þ � e: (23)

Flance,O2

M (t) is a variable introduced to track the accumulation
of the violation. This formulation was found to result in con-
vergence difficulties unless a good starting point was pro-
vided to the optimizer.

Thus, an alternative method for handling the event-acti-
vated constraint was formulated. In this formulation a new
variable, Flance,O2

* , is introduced that will be manipulated by
the optimizer between the actuator limits

Fmin
A � F�

lance;O2
� Fmax

A (24)

Figure 9. Case 4: Burner input for test case.

Figure 10. Event-activated constraint.
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The lance oxygen flow rate that actually enters the furnace,
Flance,O2

, is related to this new variable as follows,

Flance;O2
¼ �

F�
lance;O2

� Fmin
A

�
W þ Fmin

A (25)

W is the switching variable and when equal to 1, then
Flance,O2

¼ Flance,O2
* , and, thus, the value of the flow rate cho-

sen by the optimizer corresponds to the value fed into the
furnace. However, when W ¼ 0 then Flance,O2

¼ FA
min and

the value of Flance,O2
* is free to take on any value in the range

given in Eq. 24. The integrity of this formulation is main-
tained for an objective that minimizes cost or maximizes
profit. With the new variable Flance,O2

* substituted into the cost
function in place of the original variable, Flance,O2

, the eq-
uality, Flance,O2

¼ Flance,O2
* , is again enforced due to the

economic penalty that would otherwise be incurred for mate-
rial that cannot be used.

In Case 5A. the constraint was triggered at 50MWh. The
objective function obtained from using this formulation is
comparable to that obtained in Case 1; the normalized objec-
tive value was $122.1/min in this case compared to $122.5/
min in Case 1. The slight difference is expected because the
optimal time initiation of injection and lancing is not
expected to coincide exactly with 50MWh; in fact the base
case allowed injection to begin at an accumulated power
input of just 46.8MWh. This constraint formulation encour-
ages more energy to be put into the furnace earlier in order
to reach the 50MWh constraint and initiate lancing sooner;
resulting in a slight variation in the strategy compared to that
of Case 1. Figure 11 illustrates the lancing and injection pro-
files together with their upper and lower bounds; the switch-
ing variable W is superimposed over the figure to illustrate
the activation of the constraint. The lance injection begins as
soon as the cumulative power reaches 50MWh.

This formulation was less efficient, from a computational
viewpoint, than formulating the problem with the constraint
bounds tied directly to the time intervals, as was done in
Case 1. The optimization problem took 44 iterations, and
4613 CPU s to solve on a Intel Pentium IV 3.0 GHz proces-
sor, compared to 28 iterations and 2830 CPU s for Case 1.

In Case 5B, the cumulative power at which the switching
function was triggered was included as an optimization vari-
able. Eq. 19 is modified as follows

W ¼ 1

2
tanh g

Z t

0

PTdt
0 � Pswitch

� �� �
þ 1

2
(26)

where Pswitch is now a variable included in the optimization
problem. The results of this scenario indicated that initiating
lancing after 44.9MWh of energy have been added to the
system was optimal, giving an objective function value of
122.6 compared to 122.5 in Case 1. This formulation took
6001 CPU seconds and 64 NLP iterations to converge.

Comparison of scenarios

Table 3 summarizes the profit per minute, yield, the cumu-
lative power input and cumulative oxygen burner flow for
each case. A column indicating whether final time was
included as an optimization variable in the formulation is
also shown. The values have been normalized relative to the
base case, but the units of the original variables are reported
as a source of reference.

Comparing results between the base case and Case 1, the
main difference is the more efficient use of the material and
power additions. The second case study illustrates the intui-
tive result that a higher electricity price favors a decrease in
power usage and a greater reliance on burner energy. A
greater loss of Fe to FeO is observed when the burner is
more heavily utilized; evidence of this is seen by comparing
the steel yields for scenarios A and B presented in the sec-
ond case study. The third case study takes advantage of the
relaxed upper bound on power input to improve profitability
by reducing the processing time. Case 4 differed from the
other scenarios in that an extended period of time of preheat-
ing was forced to occur. This study showed some interesting
results as it forced the burner to come on early to maximize
its benefit by heating the scrap and thereby preserving the
more valuable energy in the heel. The strategies obtained in
Case 5 and Case 1 were very similar; however, Case 5A
shows a slight increase in power usage, and also a slightly
smaller profit. The differences are expected due to the differ-
ence in the formulation of the problem. The increase in
power consumption in Case 5A is likely a result of the opti-
mizer trying to force lancing to happen as soon as possible
by increasing the power input so that the cumulative power
exceeds 50MWh sooner. In Case 5B, the cumulative power

Figure 11. Case 5A: Event-activated constraint.

Table 3. Summary of Case Studies Relative to Base Case

Profit
$

min

� 	 Yield
[%]

$ P
[MWh]

$O2

[mN
3]

tf
(Y/N?)

Base case 100.0 100.0 100.0 100.0 N
Case 1 122.5 101.5 93.3 90.9 N
Case 2A 130.2 101.5 97.5 77.0 N
Case 2B 83.0 100.8 91.9 102.1 N
Case 2C 6.5 100.8 90.7 107.3 N
Case 3 138.2 100.9 100.2 96.3 Y
Case 4 107.2 102.2 105.9 70.3 N
Case 5A 122.1 101.5 94.1 87.0 N
Case 5B 122.6 101.5 93.4 91.1 N
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value at which the switch occurs was included as an optimi-
zation variable; the optimal operating strategy closely mimics
that of Case 1 although a small improvement is realized
from initiating lancing earlier, at 44.9MWh instead of at
46.8MWh as was the case for Case 1.

Each of the optimization case studies takes approximately
an hour to run on an Intel Pentium IV 3.0 GHz processor,
where approximately 85% of the CPU time is spent on the
integration of the sensitivity equations. The actual time in
each case depends on the proximity of the initial solution to
the optimum, as well as the particular case being studied. In
cases where time is included as a variable in the optimization
problem, the solution time was observed to be much longer,
approaching 2 h. The likely reason for this observation is the
increasing complexity of the problem due to the interaction
of the free end-time and determination of the control varia-
bles, which likely causes the non-linearity and nonconvexity
of the problem to worsen. The increase in the number of
optimization variables is also a factor.

Summary and Discussion

An EAF optimization formulation was presented, and its
flexibility and potential for process improvement illustrated
through several case studies. Analysis of the results reveals
that by optimization of a detailed process model, tradeoffs
inherent in the EAF process operation can be quantitatively
accounted for.

At the current state of the model, the optimization serves
as a very useful tool for ascertaining the impact on profitabil-
ity of the various inputs, and steering the process toward
more profitable operation. Already, case studies presented
here have been used by plant personnel to both motivate and
design plant trials. Furthermore, the case studies illustrated
here demonstrate the potential benefit of optimization, and
motivate both further development of the model and also
investment in measurement systems for the collection of
more data.

The data that were available for estimation for the model
resulted in a fair amount of model uncertainty, and, thus, it
is not possible to guarantee that the improvements repre-
sented in Table 3 would be realized on the actual process
through the implementation of the respective strategy. How-
ever, the strategies advocated indicate the direction in which
the process should be moved in order to improve profitability
and the corresponding trade-offs that are made.

In this work, plant-model mismatch and disturbances are
not considered in determining the optimal profiles, both of
which may cause the nominal optimal solution to be subopti-
mal or infeasible when implemented. A preliminary investi-
gation into the incorporation of a feedback strategy to com-
pensate for the effects of such model uncertainty has been
conducted, with promising results. Planned future work
includes the development of reduced order models, suitable
for on-line application.
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